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^ , Abstract 
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• The renormalization of chiral perturbation theory is carried out to next-to- 

next-to-leading order in the meson sector. We calculate the divergent part 
of the generating functional of Green functions of quark currents to 0{p^) 
for chiral SU{n), involving one- and two-loop diagrams. The renormaliza- 
tion group equations for the renormalized low-energy constants of 0{p^) 
are derived. We compare our results with previous two-loop calculations 
in chiral perturbation theory. 
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1 Introduction 



Chiral perturbation theory (CHPT) provides a systematic low-energy ex- 

pansion of QCD. In the meson sector, this expansion is now being carried out to 
next-to-next-to- leading order [Q. 

In this paper we perform the complete renormalization of the generating func- 
tional of Green functions of quark currents to 0{p^). As in every quantum field 
theory with a local action, the divergences of OijP), due to one- and two- loop 
diagrams, are themselves local so that the functional can be rendered finite by 
the chiral action of 0{p^). We carry out the calculation for chiral SU{n) and then 
specialize to the realistic cases n = 2, 3. The divergent part of the generating 
functional serves as a check for existing and all future two-loop calculations in 
the meson sector. Moreover, the divergences govern the renormalization group 
equations for the renormalized low-energy constants of O(p^). The double-pole 
divergences (in dimensional regularization) determine the double chiral logs, the 
leading infrared singularities of O(p^) 

The main tools for this calculation are well known. One starts by expand- 
ing the chiral action around the solution of the lowest-order equation of motion 
(EOM) to generate the loop expansion upon functional integration. We then 
employ heat-kernel techniques for extracting the divergences of the generating 
functional. We discuss first a generic quantum field theory of scalar fields before 
specializing to CHPT. Special emphasis is given to certain aspects specific to non- 
renormalizable quantum field theories. One subtlety concerns the dependence of 
the renormalization procedure on the choice of the Lagrangian of next-to-leading 
order, O(p^). The allowed Lagrangians differ by EOM terms. As a consequence, 
the sum of one-particle-reducible (IPR) diagrams is in general divergent. It is 
shown that these divergences are always local and can therefore also be renor- 
malized by the chiral action of O(p^). Likewise, the proper renormalization at 
O(p^) guarantees the absence of nonlocal sub divergences even in the presence of 
such EOM terms. 

The major burden of this calculation is the algebraic complexity of CHPT 
at O(p^). We exemplify the laborious calculations by three special cases of one- 
particle irreducible (IPI) diagrams. The results for SU{n) and for n = 2, 3 are 
collected in several tables with the double-and single-pole divergences, using the 
standard bases of Ref. |0] for the chiral Lagrangians of 0{p^). 

The paper is organized as follows. In Sec. ^ we describe the various steps 
of the calculation for a general scalar quantum field theory. The divergences of 
IPR diagrams associated with EOM terms in the Lagrangian of next-to-leading 
order are shown to be local. Nonlocal sub divergences cancel, leading in particular 
to a set of consistency conditions for the double-pole coefficients of the IPI dia- 
grams [|I| . In the following section, we specialize to CHPT and expand the chiral 
actions of O(p^) and 0{p'^) to the required orders in the fluctuation fields. Using 
the short- distance behaviour of (products of) Green functions P], the determi- 
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nation of the divergence functional reduces to the calculation of the appropriate 
combinations of Seeley-DeWitt coefficients. We discuss one example each for the 
one- loop diagrams with a single vertex of 0{p'^) and for the genuine two- loop 
diagrams (butterfly and sunset topologies). The renormalization procedure is de- 
scribed in Sec. ^ including a derivation of renormalization group equations for the 
renormalized low-energy constants of 0{p^). In Sec. ^, we derive the tree-level 
contributions of the 0{p^) Lagrangian introduced in Ref. for several processes 
that have already been calculated to 0{p^). This allows for an immediate check 
of the divergence structure. Sec. ^ contains our conclusions. The singular parts 
of the products of operators ^ are reproduced in App. ^ and the manipulations 
for verifying the cancellation of nonlocal sub divergences are described in App. |B[ 
Our actual results in the form of double- and single-pole divergences are collected 
in several tables in App. for n = 3 and 2 light flavours and in App. 0for chiral 
SU{n). For completeness we also give the explicit form of the terms of the 0{p^) 
Lagrangian in Apps. y and 0. 

2 Loop expansion in quantum field theory 

In this section we set the general framework for our calculation. Although the 
treatment will be valid for any quantum field theory of scalar fields the notation 
is tailored to CHPT. We shall work in Euclidean space both in the present section 
and in the following where we describe the actual calculations. The final result in 
the form of the divergence functional oiO{p^) will however be given in Minkowski 
space in Sec. ^. 

2.1 Generating functional 

The starting point for a quantum field theory is the classical action 5*2. We 
supplement this action by quantum corrections 5*2™ {n > 1) and define the total 
action 5* as 

oo 

S = S2 + hSi + h^SG + ... = Y. K'S2+2n . (2.1) 

ra=0 

The numbering of terms is chosen to comply with CHPT. Each term depends 
on a set of scalar fields = {0i, . . . ,0Ar} and on M external sources j = 
{ji, • • • ,Jm}: 

^^ = ^^[0,j] . (2.2) 

Unlike in a renormalizable quantum field theory, the quantum corrections S2n 
(n > 1) are in general not of the form of 5*2. In fact, in CHPT the S2n do not 
have any terms in common for different n because S2n is of chiral order p^". 

The generating functional is the logarithm of the vacuum-to- vacuum 
transition amplitude in the presence of the external sources. It can be defined 
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via a path integral 

eM-m/K) = A/"-' / \{[d<P,]e-'^t>-^y^ (2.3) 
with the normahzation 

Z[0] = . (2.4) 

The loop expansion can be constructed as an expansion around the solution 
of the classical EOM: 

^ = ^ m ■ (2.5) 

dcpi 

The action S'[0,j] is now expanded around the classical field 0ci[j], 

= 52[0,, j] + ^ nS^[<P^,,]]) + j] , (2.6) 

where C,i = (pi — (pdi- Here and in the sequel we adopt the following compact 
notation: 

" - ^nn,...,A^l, . . . - ^^^^^^^^ _ _ _ ^^^^^^^^ 12.0 



The term 5'2[0cb j] is the only one that survives in the limit h ^ 0. In Eq. (p.6| ) 
we have written between parentheses the terms that after functional integration 
contribute to 0{?i). The rest is denoted S'l^J^, j]. Restricted to terms contributing 
to 0{h^), it takes the explicit form 

+ n^Se[^,,i] ■ (2.9) 



Functional integration over the fiuctuation fields in ( |2.3|) gives rise to an 
expansion of the generating functional in powers of h, 

z = Zo + hZi + h'^Z2 + 0{h^) , (2.10) 

where 

Zo = S2 , 

Z. - fJ+^Trln(A) 

Z2 = Se + Z2 . (2.11) 
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Figure 1: Diagrams contributing to the generating functional Z2 in ( |2.11|) . The 



propagators and vertices carry the full tree structure associated with the lowest- 
order action 82- Normal vertices are from 5*2, crossed circles denote vertices from 
S'4. The diagrams are shown in the order appearing in ( |2.12| ). Diagram g denotes 
tree diagrams corresponding to 5*6 in ( |2.11| ). 



Sn = is the action evaluated at the classical field and A = 5*2^-* [0^1, j] is 

a differential operator. The subscript in Aq indicates that the operator is to be 
evaluated for j = 0. 

The explicit expression for Z2 is 



^ ^ c(4) n n ^ Q^^^ n n n q^^^ ^ q^"^) n n n q^"^) 

Z2 — -^^2ijkl^ij^kl -^^2 ijk^ir^ js^kt^2 rst '^'^2 ijk^ij^kt^rs^2 rst 



1 ^{2) ^ 1 ^(3) ^ ^ (.{1) 

1 



-^l /CjjS'l j , (2-12) 

where Gij is the inverse of the differential operator A: 

^i,{x)G,k{x,y) = 6ik6^^{x-y) . (2.13) 

Summation over repeated indices is understood. In Eq. ( |2.12| ) we have adopted 
a compact notation where the Latin indices stand both for flavour (discrete) 
and space-time (continuous) indices. Repeated Latin indices indicate both a 
summation over flavour indices and integration over space-time variables. 

The terms in Eq. ( 2.12|) include two-loop (first line), one-loop (second line) 



and tree-level contributions (third line, together with 5*6 in ( p.ll|) ). In the order 
written, they correspond to the diagrams shown in Fig. [l|. 
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2.2 Heat-kernel expansion 

To calculate the divergent part of the generating functional we use the well-known 
heat-kernel technique. We sketch here the procedure and introduce the relevant 
notation, following closely the presentation of Ref . P] . 
Given an elliptic differential operator A, 

A{x) = -dl + a{x) , d^ = d^ + 7^(x) , (2.14) 

where both a and 7^ are matrices in general, we define its heat kernel as the 
function that satisfies the heat diffusion equation 

(^-^^+A{x)jg^{x,y;t) = (2.15) 

with the boundary condition 

gA{x,y;0) = 6''{x~y) . (2.16) 
The Green function of the operator A is then given by 



GAix,y) = / Q/^{x,y]t)dt 
Jo 

A{x)GAix,y) = 5\x-y) . (2.17) 

The singularities responsible for the divergences of the generating functional arise 
from the short- distance behaviour {y x) of the Green function G/^{x,y). To 
extract these singularities, we can use the asymptotic expansion of the heat kernel 
for t 0+: 

1 I - P °° 

^a(x, y; t) = ^^e-^ ^ a^(x, y)^ . (2.18) 

The first Seeley-DeWitt coefficients are (in the coincidence limit y —>■ x) 

a^(x,x) = 1 

af(x,x) = — cr(x) 

1 11 

a^ix^x) = — 7^^(x)7^^(a;) + -a^(a;) - -c/V(x) (2.19) 

where 7^,^ is the usual field strength associated with 7^. 
Correspondingly, we can write the Green function Ga as 

GAix,y) = Go{x - y)aQ{x,y) + Ri{x - y;cn)a^{x,y) 

+ R2{x - y;cn)a2{x,y) + GA{x,y;cn) . (2.20) 
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r(rf/2-i) 



47]-d/2 



The various functions in ( p.2CI| ) are defined by 
Go{x) 
Ri{x; cfi) 

R2{x; c/x) 



1 

167r2 



d-4 



TC 



d/2~2 



\X 



A-d 



327r2 



(c/i) 



d-A 



d-4: 



+ 



T{d/2 - 3) 

271^^/2-2 



X 



\A-d 



(2.21) 



We have regularized the short- distance singularities by dimensional regulariza- 
tion. The scale-dependent coefficient functions -Ri and R2 are defined such that 
they are regular for — > 4. The positive constant c parametrizes different regu- 
larization conventions (c = 1 for minimal subtraction). We shall follow the usual 
convention of CHPT MM with 



and employ the notation 



lnc = — [ln47r + r'(l) + 1] 
2 



A 



(2.22) 



(2.23) 



167r2(rf-4) 

By construction, Ga{x, y; cfi) has no poles in d—4 and is regular for x y, d 4 
even for two derivatives. It is scale and convention dependent compensating the 
corresponding dependences of -Ri, R2. 

With these definitions, one obtains the propagator and its derivatives in 
the coincidence limit x — > y by analytic continuation in d: 



G/^{x,x) 
dlG^{x,yX^^ 

d:dlG^{x,yh 



2{cjj,Y '^Aaf'{x,x) + Ga{x,x;cij) 
2M'-'Ad^^a^{x,y)\^^^ + d;G^{x,y;cfi)\^^^ 



-2M'-'k [dldla^{x,yX^^+^-f4 
+dldlG/^{x,y]c^iX^^ 



(2.24) 
(2.25) 



where 

dlGAix,y) =dlG/s,{x,y) - GAix,y)-f^{y) . 

The one-loop singularities can also be obtained from the heat-kernel repre- 
sentation as 



Tr In (^^^ = - ^ Y J d'^xlGA {x, x;t) - {x,x;t)] , 



(2.26) 



leading to the well-known result 
A 



Trln 



Ar 



2(c^)'^-^A / d^xti 



Q"2 \^ ^ ^ ) 



+ finite terms . (2.27) 



At the two-loop level the singularities come from the short-distance behaviour 
of products of two or three propagators and derivatives thereof (cf. Eq. ( p.l2|) ). 
To extract these singularities, one uses the representation (|2.20|) and analyses 
products of the three functions Go, Ri, R2 and their derivatives at short distances. 
As an example, 

All products relevant for our calculation were calculated first in Ref . . We have 
checked their results and for convenience we reproduce them in App. Each 



of the terms in Eq. ( 2.12 ) has both local and nonlocal singularities. To be able 
to renormalize the theory, the latter have to cancel in the sum. In the following 
three subsections we will prove that this is indeed the case. We first consider the 
IPR diagrams which have nonlocal singularities of the form A{x)G{x,y)B[y), 
and then the nonlocal sub divergences in the IPI diagrams. In the last subsection 
we will single out the divergences of the form l/{d — 4) x Inm^ which appear in 
all IPI diagrams. The requirement that they cancel leads to a nontrivial relation 
between the coefficients of the double poles of the IPI two-loop diagrams (a and 
b in Fig. [^) and the double poles of the IPI one-loop diagram (d in Fig. Q). 

2.3 One-particle-reducible diagrams 

The three IPR diagrams (c,e,f in Fig. |1]) are individually divergent and these di- 
vergences are in general nonlocal. In a consistent quantum field theory, these non- 
local divergences have to cancel. Only local divergences (polynomials in masses 
and derivatives) are allowed because it would otherwise be impossible to render 
the theory finite by adding the local action 5*6. 

The proof for this cancellation of nonlocal divergences runs as follows. We 
can write the sum of the three IPR diagrams as 



^ 2 



0(1) , 1 q(3) ^ 



Gil 



0(1) I 1 q(3) ^ 
^4 I "T 2 2 Irs^r 



(2.29) 



Recall that all quantities are to be taken at the classical field 0ci[j]- The terms 
inside the square brackets are nothing but the derivative of the 0{h) term of the 
generating functional, Zi, which is finite by construction: 

Sa'I + 2^2ijkGjk = -j^ ■ (2.30) 

Since Zi is finite this would seem to prove that also in (^^29]) is finite. The 
problem is that the procedures of functional derivation and setting = do 
not commute in general because 5*4 may contain (divergent) terms that vanish at 
the classical field. Denoting such terms as Sf°^, we may therefore have 

Sr^[<l>.] = 0, [^^^^] ^ ' (2-31) 
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making Z^f^ divergent in general. Such terms must be of the form 



(2.32) 



where S is a couphng constant that may be divergent for ^ 4. Taking the 
functional derivative and setting = we obtain 



(2) 



Therefore, the contribution of such terms to the IPR diagrams is 

— — XjAiAXj — ^ Xj — — . 
2 " ^ " 5(t)i 



(2.33) 



(2.34) 



Here, is by definition free from terms that vanish at the classical field and its 
derivative is therefore finite. The first term in Eq. ( |2.34| ) is divergent (when S is 
divergent) but has the form of a local action, which is perfectly allowed. On the 
other hand, the second term is also divergent but contains a nonlocal piece 



(2.35) 



Such a nonlocal divergence must not be present in the final result. In fact, it is 
rather easy to see that it is cancelled by the IPI contribution of 5*1°^ (diagram 
d in Fig. [l|): 



1 /52^|OM^ 

2 \8(l)j5(pkJ\ 



G 



jk 



1 

2 



SX, 



G 



jk 



1 ^6Xi 1 ^ (3) ^ 



(2.36) 



The sum of ( 2.34 ) and ( 2.3(j| ) is in general divergent but it has the form of a local 
action that can be renormalized by 5*6. 



2.4 Absence of nonlocal sub divergences 

The three IPI graphs (diagrams a,b,d in Fig. 0) are the source of the "true" di- 
vergences of 0{h^). However, part of the divergences occurring in the individual 
graphs have to cancel in the sum. These are the so-called "nonlocal subdiver- 
gences" due to one-loop subgraphs. As is well known, these nonlocal subdiver- 
gences cancel if the renormalization was properly done at 0{h). Of course, we 
will verify this explicitly in our calculation (see also Ref. 0). Here we present a 
general proof within our formalism. 
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Let us start from the definition of the IPI part of the generating functional 
of 0(^2): 

yipi _ ^ 0(4) n n ^ c(3) n n n q^^) i c(2) icy on\ 

The problematic divergences arise when one of the propagators in each term in 
( |2.37D is replaced by its finite part G: 



/vsubdiv 

^2 



Gki . (2.38) 



As in the previous subsection, the key observation is that the term between square 
brackets is proportional to the double functional derivative of Zi, the 0{h) term 
in the generating functional, and is therefore finite. Again this argument has a 
similar loophole as before connected with the possible presence of divergent terms 
that vanish at the classical field. Because of such terms the finiteness of Zi (eval- 
uated at the classical field) does not imply that its double functional derivative 
is also finite. However, we have already seen that the nonlocal sub divergences 
generated by such terms in the IPI graphs are compensated exactly by similar 
terms in the IPR part. This concludes the proof that nonlocal sub divergences 
cancel at 0{h^). 



2.5 Weinberg consistency conditions 

The fact that the residues of the poles in d — 4 have to be polynomials in external 
momenta and masses implies nontrivial relations between the coefficients of 
the divergences of the three IPI diagrams. To derive this consequence, we have 
to look at the terms depending logarithmically on the masses that appear in the 
residues of the single poles. Diagrams a and b have the following structure: 



'a+b'= y"c/v^(^-^) 



r2 7 (16vr2)2 

(2.39) 

where the Ya{ complete set of local operators appearing in the action 

5*6, and M{x), N{x) are two generic functions which contain the nonlocal terms 
generated by the loop integrals. By definition, M{x) does not contain any local 
terms that can be expressed as linear combinations of the Ya{x). The overall 
coefficient /i2('^~'^) ensures the correct dimensions but is completely arbitrary, as 
in both diagrams the scale fi does not appear at all. In fact, Eq. ( p.39|) is /x- 
independent by definition, which implies the following equations: 

/.^ = -2a, (2.40) 
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dM(x) 

= 

a/i 

/i^^ = -2(^^/3,F,(x)+M(x)j . 

From Eq. ( 2.4CI|) it is clear that the residue of the single pole in d — 4 contains 
terms of the form In m^//i^, where m is one of the masses of the particles in 
the theory. Such terms can only be cancelled by analogous ones in the one-loop 
diagram d. The latter is of the form 

'd' = |ci'^a;E^y-'(AE^:^a(x) + ^if.(a:)j , (2.41) 

where the Li are the coefficients^ in front of the operators Xi appearing in the 
action 5*4: S4 = J d'^xj^i LiXi. Hi{x) are generic functions containing the non- 
local part of the loop integrals. For each i, the one- loop diagram is again fi- 
independent. Since all the Li are themselves /i-independent by definition we 
obtain 

/^^^ = -EvlYaix) . (2.42) 

The Li are in general divergent, 

L, = /-^(f,A + L[(/i,d)) , (2.43) 

and therefore also the one-loop diagram has logarithms of the masses in the 
residue of the single pole. The condition that these logarithms cancel in the sum 
implies the following relations 

C^a = -lE^^V:■ (2.44) 

The cancellation of the other nonlocal terms requires 

M{x) = ~J2^iH,{x) , (2.45) 

i 

where 

— 1 772.^ 

H,{x)=H,{x)~-ln — J27^lY,{x) . (2.46) 

^ P a 



"'^We anticipate here the notation that we will use in the CHPT case. The argument, however, 
remains completely general. 
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3 Chiral perturbation theory to two loops 



Having set up the general framework, we now specialize to CHPT. As we will see, 
the divergence calculation is now only a matter of (long and tedious) algebraic 
manipulations. The procedure, on the other hand, is well defined and completely 
straightforward. It amounts to the following steps: 

1. Define the first three terms in the action: 5*2, 5*4 and 5*6; 

2. Define the differential operator A for CHPT and calculate the correspond- 
ing Seeley-DeWitt coefficients; 

3. Expand 5*2 (54) up to fourth (second) order in ^; 

4. Contract indices between the vertices 5'2™j\ j,^ and the Seeley-DeWitt co- 
efficients appropriately; 

5. Finally, reduce everything to the standard basis defined by 5*6. 

In the following we will give all the necessary ingredients for this lengthy 
calculation. In the next section, we present our final results for chiral SU{n) and 
for the physically relevant cases n = 2,3. 



3.1 Preliminaries 

In Euclidean space, the O(p^) Lagrangian is given by 



Co 



-{Uf,u^ - x+) 



(3.1) 



with 



X± 



i{u\d^ - ir^)u - u{d^ - il^,)u^} 



(3.2) 



Here, m(0) is the usual matrix field of Goldstone bosons and the external fields 



w^,a^,s,p are contained in r^j, = + Ufj,, 



"111 



X 



2B{s + ip). The 



symbol (. . .) denotes the n-dimensional flavour trace for chiral SU{n) and F, B 
are the two low-energy constants of 0{p'^). The EOM (^.5|) take the form 



with 



X- 



V^M^ + -X- 







(3.3) 



d,X + [V^,X] 

u\d^ - ir^)u + u{d^ - il^)u^ 



(3.4) 
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Expanding £2 around the classical field, the solution of the EOM ( p.3| ), we 
obtain the (n^ — 1) -dimensional matrix-differential operator A: 



A 



(3.5) 



where 



1 



(3.6) 



We use the normalization (AaAj,) = 26ab and we define the fluctuation fields C, via 

(3.7) 



In the notation of the previous section, the third- and fourth-order terms in 
the expansion around the classical field are given by: 



The most general chiral SU{n) Lagrangian of O(p^) is given by 
12 

£4 = ^ LiXi + contact terms 

= -Lo{Uf,u^u^Uu) - Li{u-u)'^ - L2{u^u^){u^u^) - L^{{u-uf) 
+ Li{u-u){x+) + U{u-ux+) - Laix+y - Lrix-)^ 

- ^{xl + xl) + iL,{U,.u,u^) -^{fl- /!) 



(3.8) 
(3.9) 



+ ^Lu{x4^^.u^. + ^X-)) - LudV^u^, + -X-f) 
+ contact terms , 
where u-u = u^u^,, /| = f±^^f±^^ and 



(3.10) 



fiu ' 

di/i^ ^u] 



L iiu 



(3.11) 



The renormalization at the one-loop level is performed by splitting the con- 
stants Li into a divergent and a finite part: 



= (c^)'^-^ r,A + L[(/i,rf) 



(3.12) 
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where c and A are defined in Eqs. ( |2.22| ), ( p.23| ). The measurable low-energy 
constants L\{^) (or rather the corresponding constants for n = 2 or 3) are given 

by 

L[(^) = LK/x,4). (3.13) 

The expressions for the coefficients Fj can be obtained from Eq. ( p. 271) by taking 
the trace of the Seeley-DeWitt coefficient 02(0;, x) in CHPT [||: 



^ _n 


fi = 


1 

16 ' 


f2 = 


1 

" 8 ' 


. _n 
^=^-24' 


f4 = 


1 

8 ' 


f5 = 


n 
8 ' 


n2 + 2 


f7 = 


0, 


f8 = 


- 4 


16n^ ' 


16n 


12 ' 


fio = 


n 

" ~12 







(3.14) 



For n = 2,3, not all the monomials in the Lagrangian ( |3.10|) are linearly 



independent. The SU{3) Lagrangian of Ref. ^ is recovered with the help of the 
relations 

Li = Lq/2 + Li , L2 = Lq + L2 , = —2Lq + L3 

Li = Li {i = A,..., 10) , Ln = Li2 = 0. (3.15) 

The corresponding relations for the SU (2) Lagrangian of Ref. [Q] are 

h = -2Lo + 4Li + 2L3 , I2 = 4(Lo + L2) 
k = 4(-2L4 - L5 + 44 + 2Ls) , k = 4(2L4 + L5) 
h = Lio , Iq = —2Lg , Ij = —8{2Lj + Lg) 

Ln = -k/4: , L12 = . (3.16) 

Note that there is an EOM term of the type ( p.32| ) proportional to I4 in the 
two- flavour case. 

3.2 One-loop diagram 

To calculate the divergences arising from the one-loop diagram with C4 (diagram 
d in Fig. |l|), we first need to expand the thirteen terms in the Lagrangian (|3.10| ) 
in the fluctuation flelds ^ according to 

X, = + + ^X^e + 0{e) , (3.17) 



r, Xf ) and XP 
Their explicit expressions are as follows: 



where the coefficients X> , X^ and Xl> are to be taken at the classical fleld. 



Xo = + ^(V^M.M^M.) - (8(V4V.eMM«.) + 4(V^e«.V^e«.) 
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F2 



-^2i^-^) ((v.ev.e) + K,e])) 

-^{u,u.) ((v^CV.o + |(K,e] 
= + ^(^.^K,v.e})-;^(2(K,v^e}K,v.a> 



1 

4 



F2 



^5 = 4°^-^(«-«{e,x-})-^(x+K,v,e}) 
(2(x+v^ev^0 + ^({C, X-} {wm, v^}) 

^6 = + ^(x+)(ex-) + Jj((ex-)^ + (x+)(e^x+)) + o(a 

^7 = x(°) + ^(x-)(ex+) + ;^(W + (X-)rX-))+0(a 

^8 = ^i'^ + ^(e{x+,x-}) + ^({e,x4{e,x4 + {e,x-}{e,x-}) + o(a 

= - K, V^C]) - [/-/XI/, li/.'^i.]) 

-'^lO = -'^lO^ - -^(C [/-/ii/, 



2F2 
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Xi2 = -^A^A^ + 0{e) ■ (3.18) 

We recall that xif = xif = due to the EOM In fact, X^ can be 

disposed of altogether [Q. Because x[^ = 0, L12 cannot contribute to the IPR 
diagrams e,f in Fig. ||. Moreover, the one-loop diagram d proportional to L12 
vanishes in dimensional regularization because of 5*^(0) = 0. We can therefore set 
L12 = without loss of generality. As a consequence, 5*1°^ in (|2.32| ) depends on 
a single parameter Lu in CHPT. 

The calculation of the divergences of the one-loop diagram d in Fig. |1| is then 
rather straightforward: we just need to contract the two ^'s in the terms of 0{$,^) 
into the propagator G and use the relations ( ^.24 ). For illustration, let us consider 



one simple case, the operator Xg. According to the definition (|3.17|) we have 



^^fi = ^ (X+{A., A,}) + 2(x-A„) ix-Xh)] , (3.19) 



where we have expanded ^ in components as ,^ = l/\/2Xa^a- According to ( |2.24|) , 



the divergent part generated by Xq in the one-loop graph is proportional to 
Xeab'^ab- To contract the indices, we use the completeness relations for SU{n): 



^ {XaAXaB) = —{AB)+2{A){B) 



a=l n 



2 

^ {XaA){XaB) = 2{AB) - -{A){B) . (3.20) 



a=i ri 



The final result reads 

Zr(4) = L6^^^A|rf'^x|-n(x+)(x+n-«)+(n-i)(x^)(x+) 
- {x+y{u-u) + (^1 + - 2{x^u-u) + 2{x^u^x~u^) 

+ 2(x+X-)--(x+X-)(X-) + ^(x+)(X-)4 • (3.21) 

3.3 Butterfly diagram 

To calculate the butterfly diagram a in Fig. 0, the expansion of 5*2 is needed to 
fourth order in ^ as given in Eq. (|3.9| ). The divergent part of this diagram can 
again be obtained from the relations ( |2.24D , since the diagram is the product of 
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two one-loop graphs. To illustrate how the calculation is performed, we again 
single out a simple piece in the four- field vertex S2^\ namely 

i^SL = -w^2 E (X+A,A,A,A,) , (3.22) 

perm. 

where the sum goes over all possible permutations of the four indices abed. The 
two-loop divergence is proportional to B^^^^aabC^cd- The calculation is again rather 
simple, requiring only an iterated use of the completeness relations ( p.2(]| ). The 
result reads 

+ 2{x+u^u„u^u^) + -{x+){iu-uf) + 2n{x+u-u){u-u) 

- n{x+u^,){u^,u-u) + {x+){u-uf + {Q -n^){x\u-u) + 2{{x+u^,f) 



- 2 - -) {u-u)- (^n - {x+u ■ u) 



(n^ 24\ , /5 10 24\ , , , 

The term written down here is only the one containing a double pole in c? — 4. 
The same diagram with the -B'-^^ vertex does also contain a single pole which is 
however nonlocal, being proportional to G. As discussed in the previous section, 
this term drops out in the final result. The calculation of the rest of the diagram 
is algebraically more involved but conceptually analogous to what we have shown 
here. 



3.4 Sunset diagram 

For the sunset diagram b in Fig. |I| we need the term of order in the expansion 
of ^2 as given in Eq. ( p.8|) . To calculate the divergent part of this diagram is the 
most difficult part of the whole calculation. In fact, it is the only genuine two- 
loop diagram occurring in this calculation. Its treatment requires the use of all 
the relations given in App. ^ for the products of two or three singular functions 
Go, Ri and R2 and derivatives thereof 0. To illustrate how the calculation 
proceeds, we again isolate a simple part of the whole diagram, i.e., we take for 
the three-field vertex the part 

b'Sc = -^{X-){K{K\c}) . (3.24) 
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The divergent part generated by this vertex entering the sunset diagram is pro- 
portional to 



d'^xd'^y{X-ix)){\a\bK)Gadix,y)Gbeix,y)Gcfix,y){\d\e>^f){X-{y)) ■ (3.25) 



The product of three propagators without derivatives diverges at short distances. 
By using the hst of equations in App. |^ one gets 

Gad{x,y)GUx,y)G,f{x,y) = {cfif^^-'^A x 
—dl6'^{z)ao adix, y)ao beix, y)ao cfix, y) + 



327r2 



2A 



1 



167r2 



+ ... 



S'^iz) {SadSbeai cf{x, X) + Sadttl be{x, x)5cf + tti ad{x, x)5be5cf) 

(3.26) 



where z = x — y and we have used Qq ab{x, x) = Sab- The elhpsis stands for terms 
that do not contribute local divergences to the generating functional. In fact, the 
terms not written contain a divergent nonlocal piece proportional to Gq which 
drops out in the final result. After removing the derivative from the 5-function 
by partial integration, one uses again the completeness relations ( |3.20| ) to obtain 
the final result 



^div(^{3)^ 



(c/i) 



2((i-4) 



48F2 
1 5 4 



A d'^xlS A 



n 



327r2 



1 



4 



327r2 



X 

4 

71^ 



{X-?{u-u) 



(x-)(vV)} . 



(3.27) 



The rest of the sunset diagram is much more involved and produces many more 
terms but is conceptually completely analogous to the piece we have treated here. 



3.5 Checks 

In such a long calculation it is mandatory to make all kinds of possible checks 
during the calculation and on the final result. Our calculation has successfully 
passed the following tests: 



1. We have explicitly verified the 115 Weinberg relations (|2.44|) for SU{n). 



2. We have explicitly verified that all the nonlocal divergences appearing at 
intermediate stages of the calculation cancel in the final result. This can- 
cellation corresponds to Eq. (p.45|) and is described in App. 0. 
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3. From our final results for n = 2 and 3 we have extracted the divergences 
appearing in most of the processes that have already been calculated to 
two-loop accuracy. The comparison with results available in the literature 
is performed in Sec. ^. 

Moreover, all parts of the calculation were done independently by at least two of 
us. 



4 Results 

With the formulas of the previous sections we can extract all divergent parts of 
the generating functional. We then use the methods of Ref. to convert them 
into the minimal number of terms. 

The infinities of the effective action are then given by the generating functional 



^2 



F2 



for the case of n fiavours. The structures Yi were derived in Ref. [0] and are given 
in Table |^. The coefficients T^^^ and T^^^ can be found in Table ^ and f -^^ in 
Table ^. The f are linear combinations of the renormalized coupling constants 
L^{fi,d) of O^p"^) defined in Eq. ( |3.12| ). We have set Lu = for simplicity. 
Moreover, we have converted the infinities to Minkowski conventions since most 
diagrammatic calculations are performed in Minkowski space. In practice, this 
means that the coefficients of the terms with or 4 derivatives or vector, axial- 
vector external fields change sign while those with 2 or 6 remain the same. 

In order to subtract the infinities and obtain a finite generating functional, it 
then suffices to replace in the chiral Lagrangian of O(p^), 

C, = Y.K,Y,, (4.2) 

i=l 

the constants Ki by 

= ^^^^^ d) - ff - (f« + ff d))A) . (4.3) 

Of course, all physical quantities are defined for d = 4, e.g., K'[{^) := K^fi, 4) as 
in Eq. ( |3.13| ). We recall that c = 1 corresponds to minimal subtraction while the 
conventional version of modified minimal subtraction used in CHPT corresponds 
to 

lnc= — (ln47r + r'(l) + 1) . (4.4) 
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The scale independence of the constants Li and Ki imphes the following renor- 
malization group equations for the renormalized low-energy constants (see also 
Ref. m): 



dK^fi) 1 
ft- 



2rf)+fP(^) . (4.5) 



djj (47r)2 
The derivation makes use of the relations 

rf fP(/i) _ _r^') 



^^ 77. = (4-6) 



that are a mere rewriting of Eqs. (p.44|) . These 115 consistency conditions also 
imply that the chiral double logs can be calculated from one-loop diagrams alone 
iii- 

The full result for three flavours can be rewritten in a similar fashion: 



^(3)inf 



^ 1=1 



5:(rrA2 + (r« + rS^)(/i,rf))A) / d'xO. . (4.7) 



The generating functional can be rendered finite by replacing in 



the Ci by 



94 

Ce = Y.CiO, (4.8) 

i=l 



a = ^^^^^ d) - TfA' - (rS^) + rP(;., d))k) . (4.9) 



The coefficients rj^'*, rj^'* and rj^'' can be found in Table [1| again in Minkowski 
conventions. The structures Oj were derived in Ref. and the correspondence 
to the Yi is listed in Table |I]. 

We present the result for two flavours in the basis of Ref. [Q. This differs from 
the reduction of the three-flavour basis of [0] using the Cayley-Hamilton relations 
for two flavours by a term proportional to the EOM. As shown in Eq. ( |3.16|) , this 
corresponds to a nonzero value of Ln in the Lagrangian ( |3.1(J ). As a consequence, 
the contributions of the IPR diagrams (c,e,f ) of Fig. ^ are not flnite and must be 
included. 

The full result for two flavours can be written as 



(2)inf 



p2 



^(7f^A2 + (7r) + 7P(/x,rf))A) I d^xP, (4.10) 



i=l 

SO that the generating functional is made flnite by replacing in 



57 

U = Y.c,Pi (4.11) 

i=\ 
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the Ci by 



^^^^^ (c[(/i, d) - 7f ^A^ - (7f ^ + 7P(^, rf))A) . (4.12) 



The coefficients 7^"* , 7^- and 'j^^^ are given in Table |^ again in Minkowski con- 
ventions. The structures Pi were derived in Ref. ^ and the correspondence to 
the Yi is hsted in Table 0. 



5 Applications 

We now compare our calculation of the infinities with existing two-loop calcula- 
tions in CHPT. We also give the expressions for the counterterm contributions 
to most of the two-flavour processes explicitly. Together with formulas in the 
relevant references this then provides the full expressions. 

In the abnormal-intrinsic-parity sector the inflnities and several quantities 
have been calculated. But this case involves at most one-loop contributions and 
is therefore next-to-leading order. 

In the three-flavour case there are only a few calculations available. The 



combination of form factors in |11] was chosen precisely to have no contributions 
from the p^ Lagrangian and hence has no inflnities either. All quantities related 
to vector and axial-vector two-point functions are also known: the isospin and 
hypercharge vector two-point functions in 

El. 



12 1 and the axial- vector two-point 



functions in 



14 and in addition the kaonic 



These results were conflrmed in 
quantities were calculated. In all cases the inflnities agree with those obtained in 
this paper. Explicit expressions for the dependence on the low-energy constants 
Ci can be found in fl^ . 

The flrst p^ two-loop calculation was 77 



0^0 



l lSj followed by 77 — > tt+tt 



and the related polarizabilities |T^. In the latter work also and were 



obtained. These were later checked by [l^; 17| where also tctt scattering was 
evaluated to 0{p^). The vector and scalar form factors of the pion were evaluated 



m 



T8[| and the form factors of radiative pion decay in [19 



The pion decay constant receives a contribution 



+ 16c: + 8cl 



(5.1) 



from the Lagrangian of 0{p^) The precise deflnition of is given in Eq. (3.1) 
of [18|. Similarly, the pion mass has 



M 



-32cl 



16c; - 32c^ - 16cS + 48c;n + 96cT-, + 32dy + 64c; 



(5.2) 



with deflned in Eq. (3.2) of [0. 

In TCTT scattering there are six additional constants. These correspond to the 
contribution from the p^ Lagrangian to the six possible kinematic coefficients in 
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A{s,t,u). The precise definition appears in Eq. (4.14) and App. D of |T^. In 
terms of tlie couplings, the six constants are given by 

r[ = Q4c[ - 644 + 32^ - 32^ + 32^ - 64^ - 128^ - 64^ 

+96^0 + 192^1 - 64^4 + 64^6 + 96^7 + 192^8 
r; = -9Qc[ + 964 + 32^ - 32^ + 32^ - 64^ + 32^ + 64^ 





~|~32cg 32c-|^2 


+ 3244 - 6446 


r 
^3 


= 484-484- 


404 + 84 - 44 + 84 - 842 + 2043 


T 


= -84 + 44- 


84 + 842 - 443 


T 


= -84 + 104 + 


144 


r 
^6 


= 64 + 24 . 





(5.3) 



In the vector form factor of the pion there are two combinations of constants: 



VI 



-164 - 445 - 843 



44i + 4ci 



53 



(5.4) 



Combined with (3.17) and (3.18) of |jT8| this gives the complete result. The scalar 
pion form factor contains the three combinations 



51 

S2 
r 
^S3 



324 + 164 + 324 + 164 + 164 
-84 . 



(5.5) 



The first relation is a consequence of the Feynman-Hellman theorem. The def- 
inition and the rest of the full expression can be found in Eqs. (3.6-3.8) and 

(3.12) of m- 

The decay 7r(p) — > ei"~f{q) is described by two form factors V and A. Writing 
the p^ Lagrangian contribution as [1£] 



Aiip - qY) = My:,, + ip . q)r:,. 



(5.6) 



we obtain 



Al 



A2 



484 - 1644 + 84. - 84^ + 164fi - 1647 + 8ci 



-35 



44 



--46 



-47 



-50 



8c: 



44 



164o + 4c 



51 



(5.7) 



In all the above cases the expressions were obtained after the replacements 
The infinite parts agree with those from the explicit calculations using 



Feynman diagram^. 



small mistake in [ |l9[ was uncovered in the process of checking the infinities. An erratum 
will be published. 



21 



6 Conclusions 



Chiral perturbation theory, the low-energy effective theory of QCD, is nowadays 
being used to calculate processes at the two-loop level |TD|-|T^]. None of those 
calculations, however, made an attempt at relating the new low-energy constants 
to those appearing in other processes, nor could they check the scale invariance 
of their final result by using the (yet unknown) renormalization group equations 
of the 0{p^) low-energy constants. In Ref. we have given a complete and 
minimal basis for the chiral Lagrangian of order O(p^), thereby allowing to es- 
tablish relations between the constants appearing in different processes. In the 
present paper we have completed the formulation of CHPT at the 0{p^) level 
by calculating the renormalization group equations for all the new low-energy 
constants. 

We have performed the complete renormalization of the generating functional 
of Green functions of quark currents to 0{p^). We calculated the divergence struc- 
ture in chiral SU (n) and then specialized to the realistic cases n = 2, 3. We have 
described how to obtain the divergence structure using heat-kernel techniques, 
paying special attention to the influence of terms in the O(p^) Lagrangian that 
vanish by the lowest-order EOM. We have shown how the nonlocal divergences 
cancel as is required in any consistent local quantum field theory, by first proving 
it in a general setting and then explicitly verifying it in our calculation for the 
case of CHPT. The results for n = 2, 3 are obviously of interest for phenomeno- 
logical applications, but we stress that the result for generic n has applications in 



the case of quenched CHPT the low-energy effective theory of QCD in the 



quenched approximation. As it was shown in , the n-independent part of the 
divergences is the result that one would obtain in a quenched CHPT calculation. 
It can be used to extract the two-loop double and single chiral logs appearing in 
quenched QCD calculations. 

We gave examples of the laborious calculations for three special cases of one- 
particle irreducible diagrams to give an indication of the algebraic complexity of 
this calculation. Our main results, the coefficients of the double- and single-pole 
divergences using the standard bases of Ref. |^ for the chiral Lagrangians of 
0{p^) were presented in the tables in App. |C| for n = 3 and 2 light flavours and 
in App. for chiral SU{n). 

Since several two-loop calculations for specific processes are already available 
in the literature, we have compared our results for the infinities with the published 
ones and found complete agreement. Moreover, we have presented the expressions 
for the contributions from the 0{p^) Lagrangian to the pion mass and decay 
constant, the vrvr scattering amplitude, the vector and scalar pion form factor, 
and for the tt — >■ ez/7 form factors. 
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A Singular parts of the products of propagators 

The short-distance singularities of the following products of propagator functions 
Go, Ri, R2 (defined in ( p.21| )) and their derivatives are needed for calculating the 



divergences of the generating functional Z2 in (|2.12|) . We have checked the results 
of Ref. [§] and reproduce them here for convenience (e = 4 — c?). 

G,{xf ~ ^-/ix) (A.l 



1 1 
— ( 

e 

2 



1 1 



d^Go{x)d,G^{x) ~ -—-[5^,d' + 2d^d,)5\x) (A.3 

d^G^{x)dMx) ~ Y^^V^'(^) 

Goixf ~ —^—dH\x) (A.5 

G,{xfR,{x) ~ (^6^(1 + ;)^^) (A.6 

G,{xfd,G,{x) ~ ^_L_l9,,925'^(x) (A.7 

Go{x)d,Go{x)R,{x) ~ ^_L_ (^1 + 1) (A.8 

Go(x)29^i?i(x) ~ ^_L_l9^5'^(x) (A.9 

a^Go(a;)9,G'o(x)i?i(a;) ~ - (V^' + 29^9,) ^-^Ix) 

(A.ll 

Go(x)9^Go(x)9,i?i(x) ~ -^^(5,,d^ + 2d^d,)5\x) (A.12 



(167r2)2 12e 
1 1 



Go{x)d^Ri{x)d,Ri{x) ~ 7T7r^^'^A«-^'(^) (A-13 
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d^G,{x)d,G^{x)R2{x) _i_ (^-L + 1^ (a.15) 

Go{x)d^Go{x)d,R2{x) ~ (^-L + 1) (A.16) 

9^9,Go(x)Go(x) ~ -i_l(49,A- 5^.92) (A.17) 

d,d,G,{x)R^{x) (A.18) 

Go(x)9^9,i?i(x) (A.19) 

5^9,Go(x)Go(x)2 ~ —}—±.^[Ad,A-6^ud^^ (A.20) 

a^a,Go(x)Go(x)i?i(x) ~ + 1) (9^9, - ^5^,52) (A.21) 

5^9,G'o(x)i?i(x)2 _L_ (^^ + 1^ ^^^5^(2;) (A.22) 

Go(x)29^9.i?i(a;) ~ ^_L^1 (5,^, - ^^^^ ^'^l^) (A.23) 

Go(x)9^Mi(x)i?i(x) + ^'^-'^'^"^^ ("^-^^^ 

5^9,G'o(a;)G'o(x)i?2(a;) ~ (A.25) 

B Cancellation of subdivergences 



On the basis of the general proof given in Sees. |2.4| and |2.5| , all nonlocal subdi- 
vergences appearing at intermediate stages of the calculation have to cancel in 
the final result. In principle, one could drop them whenever they are produced 
during the calculation. We have chosen to keep them and explicitly check that 
they cancel in the final result. To arrive at the complete cancellation, one has to 
go through a series of nontrivial manipulations that we are now going to describe 
briefly. 



It should be clear from our general discussion in Sees. |2^ and |2.5| that all 
nonlocal subdivergences appear in this framework as single poles in d — 4 pro- 
portional to G and derivatives thereof. Since the manipulations we are going to 
describe produce terms with less derivatives than the term one starts from, we 
proceed in the discussion from the terms with the highest number of derivatives 
(two) down to the terms without derivatives. In what follows we will use the 
symmetry property of the matrix G: 

Gab{x,y) = Gba{y,x) . (B.l) 
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We will also use the abbreviation tr(M(x, y)) = / d xd y S {x — y)M{x,y). 

B.l Terms with two derivatives acting on G 

First we consider those terms where the indices of the two derivatives are con- 
tracted. By partial integration in the generating functional, one can bring all 
such terms into the form d^G. We can then use the identity P 

A^G{x,y)\^^^ = -^a2{x,x) , (B.2) 



which for this purpose we use as 



1 



\imdlG{x,y) = a(x)G{x, x) — ^ a2{x,x) . (B.3) 

So the terms containing d'^G produce both a local (02) and a nonlocal {crG) 
divergence. 

Next we consider terms where the indices of the two derivatives are not con- 
tracted. There are three such terms: 

d;d:G{x,y), d^^dlG{x,y), dldlG{x,y) . 

By partial integration we bring all these terms into d^d'^G{x, y). This term is 
then manipulated in the following way: 

tr {dldlGah{x, y) Ai,af,u{x, y) ^ 
1 

-tr 
2 



d ^d^G ab{x , 

y) + d^d^Gabix, y)) Abaf,u{x, y) 
+ ]:^'^^{lca^lu{x)Gab{x,y)Abc^,u{x,y) 



- -tr 
2 



2 

\dlGab{x,y)){d^Aba^u{x,y)) - {dlGab{x,y)){d^Aba^,u{x,y)) (B.4) 



usmg 



[dl,dl]Gab{,x,y) = -fact^u{x)Gcb{x,y) 



r^. = d^T, - d,T^ + [r^, r,] . (b.s) 

Moreover, we have defined the total derivative 

y) = d;X{x, y) + y) . (B.6) 

The aim of this manipulation is to separate the part of the two-derivative terms 
that is symmetric with respect to exchanges of the two "flavour" indices a, h 
(running from 1 to — 1) from the one that is antisymmetric. The antisym- 
metric part produces the 7^jy term. Then we have a term that is produced by 
partial integration where only one derivative is left on G. These terms have to 
be manipulated separately, as we are now going to describe. 
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B.2 Terms with one derivative on G 



Also in this case the derivative can act on G from two different sides: d^G{x, y) 
and dy^G{x,y). Again we separate symmetric and antisymmetric parts: 

d',G{x, y) = ^ y) + d^Gix, y)] + \ y) - d^Gix, y)] , (B.7) 

and analogously for dyG{x,y). Then we partially integrate the symmetric term: 



tr 



(d^Gabix, y) + d^Gabix, y)) Bba,,{x, y) = -tr Gab{x, y) [d^B^af^ix, y) 



to give a term with no derivatives on G that we are going to analyse next. 



(B.8) 



B.3 Terms without derivatives on G 

On such terms no manipulation is necessary because of the symmetry property of 
G, Eq. which implies that in the coincidence limit y ^ x G is a, symmetric 

matrix. 



B.4 Summary of the procedure 

To summarize, the treatment of the divergent terms containing the nonlocal part 
of the propagator G requires a few simple manipulations to bring everything into 
the following form: 



tr 



(dldlGab{x, y) + dld^Gabix, y)) y) 



+ 



tr 



(d1[Gabix,y) - dlGab{x,y)) Bbatiix,y) + tr (Gab{x,y)Cba{x,y)) . (B.9) 



If in the coincidence limit A^^, and G are antisymmetric and 5^ is symmetric in 
the "flavour" indices, the whole expression vanishes. We have explicitly checked 
that this is what happens. 



C Divergences for n = 3 and 2 





p(2) 


IGvr^rf^ 


^ i 


1(1) 


17/32 


71/768 


7/3 LI + 35/6 + 9/4 - LJ, 


2(2) 


15/64 


1/128 


3 LI + + 5/6 LI 


3(3) 


-1/4 


-43/768 


~L[ - 5/2 LI - 1/2 Ll + l/A LI 


4(5) 


9/32 


79/768 


4/3 L[ + 10/3 LI + 3/4 LI - 3/4L;; 



Table 1: 
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r(2) 

i 


167r2rf^ 


i 


5(7) 


-7/8 


-85/384 


-8/3 LI - 19/3 LI - 59/36 + 2 
-3/2 


6(8) 


-2/3 


89/576 


-10/3 - 16/9 - 65/54 - 4L^ 

-1/2 LI 


7(9) 


9/16 


9/32 


6L{ + 6L^^ + 3Ll-3Ll-l /2LI 


8(11) 


-21/32 


1/12 


-2/3 L\ - 13/3 LI - 23/36 L^ + 
-3/2 LI 


9(12) 


1/2 


3/64 


2 LI + h LI - LI 


10(13) 


-1/4 


-41/192 


-8/3 L\ - 13/3 LI + 1/36 L^ + 3/2 LI 


11(14) 


29/48 


19/576 


16/3 L\ + 7/9 LI + 157/108 + 3 

+1/2 


12(17) 


19/64 


-13/768 


2/3 LI + 4/3 LI + 8/9 LI + 3/4 LI 


13(18) 


67/192 


-1/2304 


8/3LI + 8/9 LI + 23/27 L^ + 3/2 

+ 1/4 


14(19) 


-29/288 


-479/4608 


-79/18 LI + 1/36 - 37/72L^ 
+4/9L^ + 4L^-2L^-3/2 


15(20) 


5/72 


31/192 


44/9 L[ + 11/9 + 53/36 LI 
+19/18 - 1/9 -7 LI -LI 


16(21) 


73/576 


43/768 


26/9 L{ + 13/18 LI + 61/72 

-17/18 + 1/4 - - 1/2 


17(23) 


25/576 


55/4608 


-35/18 L'[ + 23/36 L^ + 1/18 
+2/9 LI - 1/12 Ll + 2Ll + 2U^ 


18(24) 


-31/576 


235/10368 


19/9 LI - 2/9 + 1/36 - 2 /9 
-1/2 LI - 2 LI + LI 


19(25) 


11/1944 


1517/93312 


44/81 + 8/81 LI + 10/81^^3 + 1/3 L^ 
-1/4 + 4/27 LI - 32/27 - 1/6 L^ 


20(26) 


13/1296 


-1517/62208 


-22/27 LI - 4/27 - 5/27L^ 
+1/3 LI + 13/12 LI - 17/9 

+1/9 L^- 31/18 


21(27) 


59/3888 


1517/186624 


22/81 L\ + 4/81 LI + 5/81L5 + 7/9 LI 
-1/27 LI - 31/27 LI + 5/27 


22(28) 


-89/192 


-5/144 


-16/3 L\ - 7/3 LI -2 LI- 2/3L\ 
+1/4 


23(29) 


3/16 


15/256 


3Li + 3/2L^ + L^- 1/2L^ 


24(30) 


27/32 


49/288 


62 /9 + 47/9 + 3 + 1 /2L^ 
-1/2 
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25(31) 


-25/24 


-173/576 


-10 - 11 - 5 + 4/3L$ 








+L^ + 3/2L^ 


26(33) 


475/576 


1397/6912 


191/27 + 379/54 + 15/4L^ 








-4/3 L'l + 5/6 - 2 + 4 








-3/2 LI - 2/3 LI 


27(34) 


-67/96 


-67/648 


-134/27 L'l - 83/27 - 19/9/.^ 








+2/3 LI - LI - 7 LI; - LI + l/Q LI 


28(35) 


31/192 


1/6912 


58/27 + 28/27 + 3/4 - 








-1/2 - 1/12 


29(37) 


91/288 


-59/1728 


37/27Li -49/54L^ + l/3L^-2/3L^ 








+4/3 + 2 + 2 + 5/12 L^ 


30(38) 


85/96 


91/3456 


98/27 + 74/27 + 16/9 L5+ 








17/3 LI + 7/18 Ll-2Llj + Ll- 1/6 


31(39) 


1025/2592 


2359/62208 


62/27 + 44/27 + 34/27L5 + L'l 








+3/4 LI - 14/9 + 22/9 - 1/6 L^ 


32(40) 


569/2592 


-851/62208 


50/27 + 20/27 + 2/3L5 + L^ 








+ 1/4 LI - 2/9 LI - 11/9 - 13/18 L^ 


33(41) 


-31/81 


-451/15552 


-56/27 - 2,2/21 LI - 26/27 - 








-1/2 + 8/9 - 37/9 - 


34(43) 


-13/32 


-31/2304 


-L^ - 3/2 LI - 11/12 Ll + Ll- 3/2 


35(44) 


13/48 


43/10368 


2/3 + + 11/18 LI - 2/3L^ + L^ 


36(45) 


-29/24 


-1/12 


-16/3 - 8/3 - 35/18 








-25/3 L^-L^ 


37(46) 




173/20736 




38(47) 


-5/32 


49/2304 


-5/6 LI 


39(48) 


-9/32 




-8/3 - 11/18 


40(49) 


-15/16 


-379/1152 


-2/3 - IIL^ - 31/12 + 


41(50) 


-3/64 


71/256 


-6L^ + 5/2L^-2/3L5 


42(52) 


-3/4 


-233/1152 


-26/3 - 11/8 + 1/2 


43(53) 


27/32 


27/128 


9L^2 


44(54) 


-3/8 


53/1152 


-2/3L^-L^ + 5/4L^-2L^ 


45(57) 


87/128 


47/512 


6L'i + 17/4L^ + 13/6L5 


46(58) 


3/16 


281/1152 


2/3 L[ + 7/3 LI - 7/24 - 1/2 LJ, 


47(60) 


-21/32 


-451/1152 


2/3 - 26/3 - 3/8 L^ + 


48(64) 


-1/64 


-65/192 


-1/3 - 11/6 L^ + 11/12 








+11/8 
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49 


;65) 


-39/32 


5/128 


-12 - 7L^ - 13/3 


50 


'66) 


-13/24 


-107/288 


-2/3L^ -5L^ + 4/3L5-2/3LJ 










-l/2L^ + 3/4L^9 


51 


;67) 


-55/96 


-43/144 


-4/3 L\ - 26/3 LI - 17/6 - 2/3 L^ 










-1/2 LI + 1/2 LI 


52 


;68) 


41/48 


197/1152 


-4/3 L\ + ^Ll + 5/6 LI + 2/3L^ 










+ 1/2 LI + 1/ A LI 


53 


;7i) 


7/48 


-7/576 


-2/3 - 1/6 + 1/3 + 1/4 










-7/8 LI - 7/4 L^n 


54 


;72) 


-3/64 


-7/256 


-l/2L^-l/6LS 


55 


;73) 


-7/48 


43/576 


2/3 + 5/12 - 1/3 - 1/4L^ 










-11/8X^-1/2X^0 


56 


:75) 


1/24 


1/6 


2/3 L^- 2/3 LI + 2/3 LI 










+1/2LI-5/ALI 


57 


;76) 


-1/3 


7/32 


2 L\ -\/3Ll + 5/6 LI - 4/3 L\ - LI 


58 


;77) 


3/16 


-11/64 


^% 

2 LI + 2/3 LI 


59 


;78) 


7/48 


5/48 


-LI -1/6 LI- 7/12 LI + 1/3 LI 










+1/ALI + 9/8LI 


60 


;8o) 




-3/32 




61 


;8i) 






-3/ALI-3/ALI, 


62 


;82) 






-l/ALl-l/AL[, 


63 


;83) 


-1/4 


5/384 


\/3L\ - 11/6 - 5/36 - 3/4L^ 










+3/8 


64 


;84) 


-4/3 


-5/144 


-32/3 L\ - 32/9 L\ - 157/54 - 6 










-Ll + \/2Ll 


65 


;85) 


-1/2 


5/192 


2/3 L\ - 11/3 LI - 16/9L5 -3/2L^ 










+3/4 


66 


;86) 


-1/32 


115/1152 


2/3 L\ + Ll- 5/6 LI - 5/4 LI 


68 


;88) 


-3/4 


-7/64 


-12 L\- 2 LI -8/3 LI 


69 


;89) 


-1/4 


29/1152 


-2/3L\ - Ll-h/3Ll - LI 


70 


;9o) 


-35/48 


-389/2304 


-8/3 L\ - 17/3 - 5/2 + 1/3 LI 










+l/ALl + b/8Ll + 7/AL\, 


71 


;9i) 


-15/64 


-7/128 


-3L\- Ll-b/& LI 


72 


;92) 


1/6 


251/2304 


A/3L\ + 7/3 L\ + 3/4 - 1/3 L\ 










-l/ALl + l/8Ll + l/2L\, 



Table 1: 



29 



Oi{Yi) 




-in 2-nW 

167r i I ' 


r» 


73(94) 


31/48 


385/1152 


10/3 L[ + 9Ll + 11/6 LI - 2/3 LI 








-1/2LI-7/ALI 


74(95) 


-7/8 


-13/128 


-8/3 LI - 20/3 L^- A LI -LI 


75(96) 








76(97) 


-43/96 


-217/2304 


-5/3 LI - 9/2 LI - 13/6 LI + 1/3 L^ 








+1/ALI-1/8L; 


77(99) 


-3/4 


-7/64 


-12 LI - 2 L""^- 8/3 LI 


78(100) 


-5/24 


49/1152 


1/3 L'l - 1/6 L^ + 1/4 LI - 1/3LI 








-1/4 LI -9/8 LI 


79(101) 


1/48 


-11/576 


-1/3 LI + 1/6 LI - 1/4 LI + 1/3 LI 








+ 1/ALI-3/8L; 


80(102) 


-25/64 


-17/768 


-2/3 L^-4/3L^-8/9L^ 








-3/4Lg + 3/4Llo 


81(103) 


-73/192 


-101/2304 


-8/3 L[ - 8/9 L; - 23/27 L^ - 3/2 LI 








-1/ALl + l/AU^ 


82(104) 


7/96 


5/144 


-1/QL\ + 1/12 - 1/8 + 1/6L^ 








+ 1/8 + 5/16 


83(105) 


115/192 


359/2304 


3L\ + 11/2 LI + 97/36 L^ - 5/3 L^ 








+ 1/ALI 


84(106) 


5/3 


215/1152 


50/3 LI + 43/9 LI + 133/27 L^ + QL^ 








+1/2 LI 


85(107) 


5/8 


-1/192 


2/3 L[ + 7/3 LI + 31/18 L^ + 3/2 LI 








+3/4 


86(108) 


31/24 


5/72 


32/3 L\ + 16/9 + 79/27 + 6L^ 








+L'5 + 1/2L5 


87(109) 


-1/16 


3/128 


-1/2^5 


88(110) 


1/6 


-31/576 


-2/3 L\ + 1/3 - 1/2 LI + 2/3 








+ 1/2L^5 + 1/4L^9 


89(111) 


-7/32 


1/32 


2/3 L\ - 1/3 LI + 1/2 - 7/4 


90(112) 


13/96 


-37/576 


2/3 LI + 1/2 LI 


91(113) 




-49/576 




92(114) 


-1/2 




-A LI 


93(115) 


1/8 




LI 


94 


-119/162 


-1517/7776 


-11^/21 L\ - 32/21 LI - 40/27 








-4L^- 16/9 L^- 88/9 



Table 1: The coefficients V\ of the double-pole and F- , F- of the single-pole 
divergences for the three- flavour case in Minkowski space. The number in the 
first column indicates the Oi with the corresponding Yi of Table ^ in brackets. 
O94 = detx + detx^- qn 



Pi{Yi) 


(2 

Ti 


1C 2 (1) 

167r ' 


Ti 


1(1) 


7/9 


157/1728 


19/12/^ + 43/24/^ + 1/2 /^ 


2(3) 


-11/48 


-1/24 


-1/4/^-5/8/^-1/8/^ 


3(5) 


13/48 


137/1728 


1/3/^ + 5/6 /^ + 3/8/^ 


4(7) 


-31/36 


503/864 


7/6/^-1/6/^-/^ 


5(13) 


13/36 


-107/864 


5/6/^-5/6 /^ + 1/2/^ 


6(17) 


43/72 


-7/864 


11/12/^ + 7/12/^ + 1/4/^ 


7(19) 






1/8/^ 


8(20) 


5/16 


1/8 


7/8 /^ + 1/2 /^ - 1/4 /^ - 1/16 /^ 


9(23) 






-1/8/^ 


10(25) 


-3/64 




3/16/^ + 1/16/^ 


11(26) 


9/128 




-9/32 /^ - 1/32/^ 


12(28) 


1/2 


7/432 


1/6/^ + 2/3/^ + 1/4/^ 


13(31) 


-5/24 


-67/288 


-/[-2/^ + l/2/:;-3/4/g 


14(33) 


239/288 


49/288 


5/3 /^ + 2 /^ - 1/8 11 - 1/16 11 + 1/2 /g 


15(34) 


-145/288 


-265/3456 


-7/6/^-5/6 /^ - 1/16/^ - 3/16 /g 








+ 1/4/^ 


16(37) 


17/96 


-29/1728 


2/3 /^ - 1/3 /^ + 1/8 11 + 3/16 11-1/8 


17(39) 


145/576 


13/3456 


11/24 11 + 7/24 11 + 1/16 11 + 3/32 /^ 








-5/16/; 


18(40) 


145/1152 


13/6912 


11/48 11 + 7/48 11 + 1/32 11 + 3/64 /^ 








+5/32 /; 


19(41) 


-145/576 


-13/3456 


-11/24 /J - 7/24/^ - 1/16 /^ - 3/32 11 








+3/16/; 


20(43) 


-2/3 


-1/16 


-/; -3/4/^ - 1/All 


21(44) 


2/3 


1/16 


/; + 3/4/^ + 1/4/^ 


22(47) 








23(48) 


-1/16 


1/192 


-1/16/^ 


24(49) 


-137/72 


-9/32 


-2/^-16/3/^-5/4/^ 


25(54) 


5/36 


-67/432 


2/^-1/3/^ + 1/2 11 


26(58) 


55/72 


449/864 


8/3/^ + 3/4 11 


27(66) 


-7/9 


-371/864 


1/6 /[- 37/12/^ -4/3 11 


28(67) 


-97/36 


-245/288 


-25/6/^-95/12/^-23/6 % 


29(71) 


-11/144 


-77/1728 


-1/6 1[ - 1/6 11 - 3/2 11 + 17/24 /^ 


30(73) 


1/48 


85/1728 


1/6/; -1/2/^ + 7/24/^ 


31(75) 


1/72 


-5/864 


1/2/^ + 11/12/^ 


32(76) 


5/18 


-11/216 


1/2/; + 1/4/^ -2/3/^ 
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Pi{Yi} 


(2) 

7i 




Ti 


33(78) 


-5/144 


3/64 


-1/4/^-1/24/^-1/8/^ 


34(81) 






-11 + 1/211 


35(85) 


-20/9 


-5/216 


-8/3 /[- 17/6/^-/^-/^ 


36(86) 


-5/24 


7/216 


-5/6/[ + 1/12/^ + 7/12 /g 


38(89) 


-29/72 


-5/216 


-7/6/^-5/12/^ + 5/12/^ 


39(90) 


-139/144 


-29/144 


-5/3 11 - 7/4 /^ + 3/2 11 - 1/8 /^ 


40(92) 


1/4 


143/1728 


1/3/^ + 7/12/^ + 1/2/^-1/4/^ 


41(94) 


59/72 


107/432 


5/6/^ + 9/4 /^ + 5/12/g 


42(95) 


-7/6 


-137/864 


-8/3/^-2/^ + 1/3 /g 


43(97) 


-17/24 


-11/96 


-17/12 /^ - 31/24/^ + 1/4/^ 


44(100) 


-1/48 


41/1728 


1/1211 - 1/24/^ + 1/8/^ 


45(101) 


-1/16 


-23/1728 


-1/12/^ + 1/24/^ + 3/8/^ 


46(102) 


-49/72 


-59/864 


-11/12/J - 7/12/^ - 1/411 + 11 


47(104) 


-1/288 


85/3456 


-1/24 1\ + 1/48 + 1/2 11 - 11/48 /^ 


48(105) 


127/144 


5/27 


3/2 /^ + 2/^ + 5/24 /g 


49(107) 


41/36 


19/432 


5/3/^ + 5/6 /^ + l/2 /^-l/2 11 


50(109) 


-1/36 


1/96 


1/611 


51(110) 


-5/72 


-29/864 


-1/6/^ + 1/12/^ + 5/12/^ 


52(111) 


-7/72 


1/72 


l/6/[- 1/12/^ + 7/12 /g 


53(112) 


-1/12 


-11/288 


1/2/^ 


54(113) 


-1/2 


-1/48 


-1/2/^ 


55(114) 


-2/9 




4/3 /g 


56(115) 


1/18 




-1/3 /^ 


57 


-1/4 


-1/96 


-1/4/^ 



Table 2: The coefficients 7^ of the double-pole and 7- ,7]^ of the single-pole 
divergences for the two- flavour case in Minkowski space. The first number in the 
ffist column refers to the Pj. The second number refers to the structure Yi of 
Table i P57 = {D^xD^x)+h-c.; X = r2X^^2. 



D Divergences for SU{n) 



i 




f(2) 


167r2ff^ 


1 
2 


{u-u){h^,hn 


7/16 + 5/288 ^2 
41/576 n 


5/96 - 5/6912^2 
11/3456 n 
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3 




-3/16 


-1/64- 1/2304^2 


4 




-1/72 n 


1/864 n 


5 




1/4 


7/192 + 5/6912^2 


6 




1/96 n 


23/1152n 


7 


{{u-ufx+) 


-1/36 


-13/3456 n2 


8 


{{u-uf){x+) 


-2/9n 


35/1728 n 


9 


{u-u){u-ux+) 


l/16n 


5/96 n 


10 


{u-uf{x+) 


1/32 


5/128 


11 


(u-uu^X+u^) 


3/8- 17/288 


1/8 + 1/108^2 


12 


{u-uu^){x+ui') 




-5/192 n 


13 


{x+u^u^u>'u'') 


-3/8 + 1/18^2 


-1/8- 5/1728^2 


14 


{X+){Uf,UuUf'u'') 


2/9 n 


5/864 n 


15 


(x+u^u^) (u^'u") 


-l/8n 


-1/48 n 


16 




-1/16 


1/64 


17 


ix+h^uhn 


19/576 


-13/6912 n2 


18 


{x+){h,.hn 


67/576 n 


-1/6912 n 


19 


{u-uxD 


-3/32 


-3/128- 1/1536^2 
+1/32 n-2 


20 


{u-ux+){x+) 


3/16 n"^ 


5/192 n + 1/64 n"^ 


21 


{u-u){xl) 


1/32 n + 3/32 


5/384 n- 1/128 


22 


{u-u){x+Y 


1/64- 1/8 


5/256 


23 




3/16-1/64^2 


-1/192 + 3/512^2 
+ 1/32 n-2 


24 




l/64n-5/16n-i 


-3/64 - 1/48 


25 


ixl) 


-1/2 




26 


(x+)(x+> 
{x+)' 


l/4n-^ + l/2n-=^ 




27 


-l/8n-2 - l/8n-^ 




28 


i {X-{h^u,uPu'^}) 


1/48 - 1/192^2 


17/1152 + 1/432^2 


29 


HX-Ku){uPu-) 


-l/96n 


1/128 n 


30 


i{h,,uPun{X-) 


7/96 n+ 1/2 


41/3456 n + 7/96 


31 


i {h^.uPx-u") 


-13/24 


-59/576 - 1/1152 n2 


32 


i {h,,uP){x-un 


-5/32 n 


-25/576 n 


33 


{u-ux-) 


5/12- 1/8 
+19/576^2 


25/288 + 1/768^2 


34 


{u-ux-){x-) 


-49/288 n- 1/4 n-^ 


-7/864n- l/24n-^ 
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Yi 
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-1/24 


35 


{u-u){xl) 


l/18n+l/16n-^ 


13/6912 71+1/32 n'^ 


36 


{u-u){x-Y 


-31/576 + 1/4 


-23/1152 + 7/192 n'^ 


37 




-5/48 + 1/24 


-17/576 - 1/864 n2 






+1/8 


+1/8 n-2 


38 




49/144n- l/4n-i 


103/3456 n- 3/32 


39 


(X-X+) 


l/8-5/8n-2 


1/96 + 5/6912 n2 






+5/288^2 


-l/4n-2 


40 




29/288 n + 1/4 


-5/3456 n+ 1/32 n'^ 








+1/8 


41 


(x+x-)(x-) 


-7/72 n + 1/4 


-23/3456 n+ 11/96 






+l/4n"^ 


+1/24 


42 


(x+)(x-)' 


-1/12 - l/16n-2 


-55/2304- 1/24/1"^ 






-1/8 n"^ 




43 


i (X-{X+ 


l/16-5/96n2 


1/192 - 1/768 n2 








-l/16n-2 


44 


i (X-)(X+X) 


5/48 n- 1/8 


-1/384 n + 1/32 n'^ 








+1/24 


45 


i (x+M>(X-ii^> 


-5/12n + l/8n-^ 


-1/32 n + 1/32 


46 






5/768 n- 1/32 








-1/48 


47 


(x+/xX+) 


1/8-1/32^2 


-1/48 + 1/256 n2 








+1/16 


48 




-3/32 n 




49 


{{u-uf) 


-1/3- l/96n2 


-37/576- 5/1728^2 


50 


{{u-uY){u-u) 


-31/288 n 


41/1728 n 


51 


(u-u)^ 


1/64 


5/256 


52 


{u • UUfjU ■ uu^) 


-1/6- 17/576 


7/144 + 1/256^2 


53 


{u-UUf^Y 


-1/64 n 


-5/256 n 


54 


{u-UU^UyU'^U^) 


2/3 + 7/288 


41/576 + 5/1728^2 


55 




-l/24n 


-1/72 n 


56 




-1/32 


3/128 


57 


{u ■ u) {u fjUijU^U^) 


5/36 n 


53/3456 n 


58 




1/6 + 1/576^2 


65/576 + 5/6912^2 


59 




-l/192n 


65/2304 n 


60 


{UpUyUpU^uf'u'') 


-1/3- 1/576^2 


-97/576- 23/6912^2 



Table 3: 



34 



i 


Yi 




167r^r> ' 


61 


{u^u^Up) {u^'uPu") 


7/192 n 


-23/2304 n 


62 


{Up,U„) {upU^'uPu") 


-l/12n 


-5/288 n 


63 


(u^Uu) (uf^Up) (u^uf) 


-1/8 


-1/32 


64 


i {f+,,u{u-u,ui'u''}) 


-1/4- 1/64^2 


-11/192 - 1/864^2 


65 


i {u■u){U^^u^'u'') 


-7/24 n 


-7/192 n 


66 


i {f+f,uUpU''u''uP) 


-3/8 - 1/48^2 


-7/96 + 5/1728^2 


67 


i {f+i.yuf'u-uu'') 


-7/8- 1/32 


-3/16 + 1/432 


68 


i U+A^p.u^uPu''}) 


3/8 + 1/72 


11/96 + 1/3456^2 


69 


i {f^^,Up){u^'u''uP) 


1/48 n 


-47/576 n 


70 




l/9n 


l/216n 


71 




1/72 


-1/48- 1/288^2 


72 




-1/72 n 


-5/864 n 


73 


{f+.^upfru'^) 


-5/288 


1/48 + 13/3456 


74 


{f+tivUp)"^ 


1/288 n 


23/3456 n 


75 


iUpJ^^'Up) 


1/12 


-1/72 - 1/864^2 


76 


iUpjr^pU-^) 


-1/24- 1/36 


-7/288 + 5/864 n2 


77 


(/+Mv/r)(«%) 


l/18n 


-11/432 n 


78 


{U,.{upf!t'u'^ 


-1/48 + 1/48^2 


11/576- 1/864 


79 




-1/144 n 


55/1728 n 


80 


{u,.u'^)urup) 


-l/144n 


1/1728 n 


81 


{X+f+Huf+ ) 






82 








83 




-1/36 


5/3456 


84 


i {x+){U^uU''u^) 


-4/9n 


-5/432 n 


85 


i if+puuf^x+u") 


-1/I8n2 


5/1728 


86 


if^p^h'^PUpU'^ 

^ui'Uphyp)) 


1/12 -5/288^2 


7/576 + 1/1152^2 


87 


{f-p.h-P){u>^Up) 


1/144 n 


23/1728 n 


88 


{f-.uvnih'^'up) 


-17/72 n 


-17/1728 n 


89 


{f-p,{u^^WPup 
+Uph^Pu'')) 


-1/12 - l/48n2 


-7/576- 1/3456 n2 


90 




-5/12- 1/36 


-47/576 - 13/2304 n2 


91 


{u-u){f.pjn 


-47/576 n 


-31/1728n 


92 


{f^p^Upf^'^uO) 


1/6 


13/288 + 17/6912^2 


93 


{f-puUpY 


-l/144n 


1/1728 n 
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i 


Yi 




167r r> ' 


94 




5/8- 1/144 


11/96 + 23/3456^2 


95 




-1/2 - 1/2471^ 


-7/96 - 11/3456 


96 




1/144 n 


23/1728 n 


97 




-5/16-1/72^2 


-11/192 - 13/6912^2 










98 




1/288 n 


23/3456 n 


99 


{f_,,u^){rjup) 


-l/4n 


-7/192 n 


100 




-1/48 - 1/48 n2 


5/576+ 13/3456 n2 


101 




1/48 


-5/576- 1/864^2 


102 


iX+f-l^uf-) 


-25/576 


-17/6912 n2 


103 




-73/576 n 


-101/6912n 


104 




1/96+ 1/144 


19/1152 + 7/3456 n'^ 


105 




1/4 + 7/192 


31/384 + 1/256^2 


106 




53/96 n 


l/18n 


107 


{f-Ax'^u^}) 


5/72 


-1/1728 n2 


108 


{xt)^-,.^^) 


31/72 n 


5/216n 


109 




-1/144^2 


1/384^2 


110 




1/24 + 1/72 


-5/288- 7/1728^2 


111 




-7/288 


1/288^2 


112 




1/24 + 1/96 


-5/288 - 1/192^2 


113 






1/12 - 1/64^2 - l/4n-2 


114 


i {Fifj^yF'^'' Flp) 


-1/I8n2 












115 


{D,FL,,DPFn 


1/72 













Table 3: The coefficients ff ^ of the double-pole and r\^^ of the single-pole 
divergences for the n-flavour case in Minkowski space. 



Y, 


i 


1 


1/6 n + 3/4 nLl + 7/3 L{ + 35/6 ^ 


2 


nLl + l/3nLl + 5/6^0 + 3/4:Ll-l/8Ll 


3 


-LI- 5/2 


4 


-1/6 LI -1/4 LI 


5 


-1/6 nLl+ 1/12 nLl + 4/3 L^ + 10/3 L^ 
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i 


6 
7 

8 

9 

10 
11 

12 
13 

14 

15 
16 
17 

18 

19 

20 
21 

22 

23 
24 
25 
26 

27 
28 
29 
30 


3L5 + l/2L^-3/4L^ 

1/6 n + 1/12 n - 1/2 n - 8/3 n-^ - 8/3 n'^ ^3 + 4/3 L\ 
+2/3 LI 

~2nLl-2/3nL^2-nLl + 2n-^ Ll + 2/3 n'^ L^ - 10/3 n'^ Lj; 
-10/3 LI - 2/3 L^ - 5/6 L^ - 1/2 

+ l/2nL^ - l/2nL^ + + 5/2L^ - 1/2L^ 
L{ + 1/2 LI -1/2 LI 

-5/6n - ll/12n LI - l/2n LI + 2S/3n-^ LI + 28/3n-^ LI 
+4/3 LI + 2/3 LI 

off f I" 

1/6 n Lj; + 13/12 nLl + l/2nLl- 20/3 n'^ L^ - 20/3 n'^ L^ 
-8/3 L\- A/3 LI 

2nL\ + 2/3nU^ + nLl-2n-^ L\-2/3n-'^ U^ + lQ/3 n''^ ^ 
+ 10/3 LI + 1/6 Lj; + 13/12 + 1/2 LI 
-nU^-AU^-Ll 

-LI 

l/3nUQ + 2/3nLl + l/AnLl-10/3n-^Ll-10/3n-^Ll + 2/3L{ 
+4/3 LI 

nL{ + 1/3 nLl + 1/2 nLl- L{ - 1/3 rT^ + 5/3 n'^ L^ 
+5 /3 + 1/3 + 2/3 + 1/4 LI 

\/AnLl + h/8nL\-\/2nLl-l n-^ Ll-\1 /2n-^ Ll + \/2L\ 
+5/4L^ -2L^ 

1/2 n L:; - n L;: + 6 n'^ + 6 n'^ - n^^ LI + 1/2LI + 5/4 - 

nL\ + l/4nL\ - l/2nL\ - ArT^ L\- n'^ 1^ + 2n'^ 

+3 LI + 3 + 1/4 L^ + 5/8 L\ + 1/4 - 1/2 

2 + 1/2 - n'^ - 3 rT^ 1^-3 n'^ + + 1/4 

-1/ An LI -2 n-^ L'^ - 1/2 n'^ + 2 n'^ LI + 1/2 L^ + 5/A L^ + 2 
-n~^ - 5/2 + + 1/4 - 1/2 + L^ 
\/AnL\ - \/2nL\ - 3rr^ L\ + ArT^ L\ - 2L^ 

l/2nLl - nil - 2n-^ LI + An-^ LI + An-^ + 3n-'^ LI - 2 n'^ L^ 

+3 /A LI -3/2 LI 

LI -2 n-^ - 2 n^^ Uj - n'^ LI + 1/2L\-Ll 
-l/3nLl-l/3nU^ + l/12nLl + 2/3L\ + 2/3Ll-2/3L\ 
U, + 1/2 LI -1/2 LI 

8/3 n-^ L[ + 20/3 n'^ + 2/3 L[) + 5/3 + 1/2 



Table 4: 



37 



32 
33 

34 

35 
36 

37 

38 

39 

40 

41 

42 

43 

44 
45 

47 
48 
49 
50 
51 
52 
53 
54 
55 
56 



-nLl + l/SnLl-ALl-SL^ + A/SL] 



-2nL\ 



nil 



3L5 



3/2L5 + 3/4L; 



1/2 nLS + 19/12 nL^ + l/6nL^- 1/2 nLg -4n-iL5 -4n- 



1 rr 

-^3 



-1 



+ 11/3 L[ + 43/6 - 4/3 L 



2 LI 



-n - 14/3 - 29/3 n'^ + 2 n"^ + 8 n'^ L[; + 8 n'^ 

-4/3LS-3^3-L^5-L^ 

n + 1/3 n + 5/6 + 3/4 - 1/2 - 1/8 L^J 
-2/3 n 

2/2,nLl + 2/2,nLl + l/2,nLl-An 
-5/6L^-2/3L^ + 2L^ 

2nL^ + nL^ + 2nL^-2n-^L^ -n-^L^-n-^L^ + 4n- 



l + 1/8 1^9 + 4/3 + 10/3 n'^ - L\ 



-1 Tr 
^0 



1 r r 
-^5 



1/3 
1/3 LI 



2 Tr 
^0 



+4n-2 LI - n 



l/?,nLl 



1 T r 
^8 



■ LI + + 4/3 LI + 1/2 LI + LI - 1/4 
2/3 n LI + l/4nL'5 - 1/2 nL^ - 10/3n-^ Uq - 10/3 n" 
+ 2/3 LI + 4/3 LI -2 LI 



nL\ + 1/3 n + 1/2 n - n'^ - 1/3 n-^ L^ + 5/3 n'^ Lj; 



+5/3n-2L5 - 2n- 



Lg+l/3LS 



2/3L^ + l/4L^-l/2 L 



-2 TV 

^0 



-n L^j -A/3n-^L\-S/3n-^Ll + An-^Ll + An-^UT + 20 /3 n 
+20/3 - 2/3 L^ - A/3 L^ - 1/2 LI - LI 

5 /3 + 5/3 - 2 - 2 - 5 n^^^ L^ - 5 n'^ L^ 

-L[ - 1/3 - 1/2 -L^ 

-l/2nL5 -3/4nL5 - 1/2 n + 4n-^ + 4n-^ - - 3/2 



+LI 
2n-'^L\ 
-2nL\ 
-An 
-\/2nLl 



3 n 
riLl 



-1 rr 
^2 



2n-^L' 



8n 



-2 rr 
^0 



2 f r f r 
-^3 ~ ^0 



3nLl + 2n-' L\ + n 
-S/2LI-LI 



' 8 n-^Ll + 
L; + 2 



- 3/2LS 
4n 



3 

2 fr 



T-r 
^5 



+ 2n-^Ll 



-n LI + n-^ LI - n'^ LI - 1/2 LI 
l/6n - 7/12n LI - 2/3 L{ - 5 L^ 
-2nL{- 1/2 nL^ - 3/2 - 5/12 + 1/4 

1/4 

-3/4nL;; - 25/24nL^ - 8/3L^ 

LI- 5/ A LI 

-1/Qnto + 5/AnLl - 2/3L\ + IIL^ 

-2/3nL^-2/3L[; + l/3L5 

-1/2 
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57 


2n L\ + 3/An LI + 5/A + 31/2A LI - 1/A LI 


58 


1/12 n + 1 /24 n + 2/3 + 7/3 


59 


^S-3/4LS 


60 


-I/UuL'q - l/2AnLl + 2/3L{ - 17/3 


61 


LI + 5/4 LI 


62 


-l/3nLl - 13/3LI - 5/6 


63 




64 


-h/QnLl - 7/12 nil + l/8nLl -1/3L{- 23/6 L^ 


65 


-AnL\- 5/3 nL^ - 14/3 LJS - 8/3 L^ + LI 


66 


-2/3nUQ - l/QnLl - l/12nL^ - 2/3 - 5L^ - 2/3 


67 


-1/3 nLj; - 7/6nLl - 1/6 nL^ + 1/6 nL^ - 4/3L^ - 38/3L^ - 2/3L^ 


68 


1/3 n Lj; - 1/6 n + 1/6 n + 1/12 n - 4/3 + 6 + 2/3 


69 


-2LI + 2LI 


70 


2/3nL'2 + 8/3^5 + ^'?. + 1/2^9 


71 


-l/QnLl + 1/12 nL^ + l/24nLJ) - l/4nL^o - 2/3 + 1/3 


72 


-l/6nL^ - 1/6 L[; - 1/12L^ - l/4Lg - l/4L5;o 


73 


-I/QuUq + l/12nL^ - l/12nL^ - 7/24nL^ + 2/3 - 1/3 


74 


l/6L^^-l/2L^-l/2L^o 


75 


2/3nLi; + l/6nL^ - 5/12nLJ, + 2/3 L^ + 2/3 


76 


-l/3nL5 + l/2nL^ - l/3nL^ - l/3nL^ + 2L^ - 1/3L^ -4/3LJ 


77 


2/3nL^ + 2/3L5 + 1/3L5 


78 


l/6nLS - l/12nL5 + l/12nL^ + 3/8nL^ - ^ - 1/6L^ + 1/3L^ 


79 


-1/3 


80 


-1/3^3^ 


81 


-1/4^^;, - l/4nL^o 


82 


-l/ALl-l/AL\^ 


83 


-b/QnU^ - 5/12nLl - 1/AnLl + l/8nL^ + 10/3n-^L[; 




+ 10/3 n-^L^ + 1/3 LI - 11/6 L^ 


84 


-AnL\ - A/3nLl-2nLl + A n'^ L\ + 4/3 n'^ L^ - 20/3 




-20/3 LI - 7/3 LI, - 13/6 - + 1/2L^ 


85 


-2/3nL5 -4/3nL^ - l/2nL^ + l/4nL^ + 20/3^-^ Lj; 




+20/3 n-^ LI + 2/3 L{ - 11/3 L^ 


86 


-l/3nLl- l/2nLl-l/12nLl + 2/3L\ + L\ 


87 


2 Uq + 1/3 LI -1/2 LI 


88 


-AnL\ - 2/3nL^ + 4/3L[; -2LI - LI 


89 


-2/3nLl - l/6nLl - 2/3L\ - L^ 
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90 


-5/6nLl + l/12nLl - l/8nLl + l/AnL\o - 8/3LI - 17/3 




+ 1/3 LI 


91 


-nil - l/3nLl - 5/6 - 3/4L^ + 1/8L^ + 1/4^0 


92 


-1/6 n i/S + 1/12 n - 1/12 n + 1/8 n + 4/3 + 7/3 L^ 




-1/3 


93 


1/6 L5+ 1/4 LI, + 1/2^^0 


94 


-l/3nL[; + l/6nL5 - l/6nL^ + l/12nL^ + 10/3 + 9L^ - 2/3 


95 


-4/3nL^ - l/SnUg - 8/3 - 20/31/2 


96 


2L[; + 1/3 - 1/2 LI 


97 


-2/3nLl + l/12nL^ - l/8nL^ - 5/3L^ - 9/2L^ + 1/3 LI 


98 


^ + l/6Ll-l/ALl 


99 


-Anil - 2/3nLl - S/SL^ - 8/3L^ 


100 


-1/6 nL^ + l/12nLl- 1/12 nL^ - 3/8 nL^ + 1/3L^ - 1/6L^ 




-1/3 


101 


l/6n^ - l/12nLl + l/12nL^ - l/8nLl - 1/3L{ + 1/6 + 1/3L^ 


102 


-l/3nL[; - 2/3nLl - l/inLl + l/4nLio + 10/3n-^L[; 




+10/3 - 2/3 - 4/3 L^ 


103 


-nL\-l/3nLl - l/2nLl + n'^ L^ + l/3n-^ - 5/371"^ 




-h/3n-'^Ll - 1/3Uq - 2/3 - 1/4L^ + l/4L^o 


104 


l/12nL5 - l/2AnLl + 1/24 n + 5/48 nL^ - 1/6 + 1/12L^ 




+1/6 LI 


105 


1/6 n Lj; + 13/12 n + 1/12 n + 1/6 n - 8/3 - 8/3 n'^ L^ 




+3L\ + 11/2 LI - 5/3 L:; 


106 


QnL\ + 5/3nLl + 2nL\ - An'^ L[ - 2/3n-^L^ + 16/3^-2 Lj; 




+16/3 n"^ LI + 5/3 L[, + 25/6 L^ + 3/4 Ug 


107 


l/3nUQ + 7/QnLl + l/2nL'5 + l/4nL^ - 16/3 n'^ ^ 




-lQ/3n-^Ll + 2/3 L{ + 7/3 


108 


4 n + 2/3 n + 2 n - 4 n""^ 1/^ - 2/3 n"^ + 16/3 n'^ 




+16/3 n"^ + 2/3 Lj; + 7/3 L5 + L^ + 1/2 


109 


-1/6 nL^ 


110 


l/3nLS - l/6nL^ + l/6nL^ + l/12nL5 - 2/3L^ + 1/3 + 2/3 


111 


-1/3 nLl + 1/6 nLl- 7/12 n + 2/3 - 1/3 


112 


l/6nL^ + 2/3L^ 


114 


-4/3 nL^ 


115 


l/3nL^ 



Table 4: The coefficients f^^^^ of the single-pole divergences for the n-flavour case 
in Minkowski space. 
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